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Abstract. For any meromorphic 1-parameter family f t of rational maps on C of degree 
at least 2, we prove that the measures of maximal entropy have a unique limit as the 
family degenerates. The family f t may be viewed as one rational function on the Berkovich 
projective line over the field of formal Puiseux series in t, and the limiting measure on 
C is the residual measure associated to the equilibrium measure on P£. In particular, the 
limiting measure is a countable sum of atoms. We also prove the uniqueness of solutions to 
a discretized version of the pullback formula for the equilibrium measure on PJ . 



1. Introduction 

Let f t : C — > C be a holomorphic family of endomorphisms of the Riemann sphere of 
degree d > 2, parametrized by t in the punctured disk D* = {0 < \t\ < 1}. Our goal is to 
understand the limit of ft as t — > 0, as a degenerate dynamical system, in the case when f t 
fails to converge uniformly on C. 

The existence and uniqueness of a measure of maximal entropy /j,f for any rational function 
/ of degree > 2 were shown in 1983 [13, 10, 15]. Shortly after, Mane observed that the 
measure /// moves continuously in families [16], with the weak-* topology of measures and 
the uniform topology on the space of rational functions. By contrast, the Julia set J(f) = 
supp fif fails to move continuously (in the Hausdorff topology) in the presence of bifurcations 
[14]. Our main result is an extension of Mane's continuity result to degenerating 1-parameter 
families. 

Theorem 1.1. Let {f t : t G D} be a meromorphic family of rational functions of degree 
d > 2 that is degenerate at t = 0. The measures of maximal entropy fit converge weakly to a 
limiting probability measure /io as t — > 0. The measure /io is equal to the residual equilibrium 
measure at the Gauss point for the induced rational map f : Pj^ — > Pl on the Berkovich 
projective line, defined over the field L of formal Puiseux series in t. In particular, the 
measure /io is a countable sum of atoms. 

One should view the Berkovich dynamical system (/, PjJJ as the limit of dynamical systems 
(ft, C) as t — > 0. This fruitful perspective was introduced by Jan Kiwi in his work on cubic 
polynomials and quadratic rational maps; see [11, 12] and [3]. A closely related construction, 
viewing degenerations of polynomial maps as actions on trees, can be seen in [5]. Charles 
Favre has recently constructed a compactification of the space of rational maps, where the 
boundary points are rational maps on a Berkovich P 1 [8]. Our work is very much inspired by 
these results. In [4], the first author studied limits of the measures fi t and obtained partial 
results towards Theorem 1.1; the Berkovich space viewpoint allows us to recover the results 
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in [4], and it provides a conceptual explanation for the form of the limiting measure. The 
limiting measure /xq is always a countable sum of atoms. In a sequel to this article, we will 
describe a countable-state Markov process that allows us to compute the residual measure 
for a robust class of examples. 

As for non-degenerating families, the Julia set of f t may not converge to a limit as t — > 0; 
this can be illustrated by the example ft(z) = t(z + z -1 ). Mane used the continuity of 
f i — y /Jif to deduce that the Hausdorff dimension of /i/ is a continuous function of /, but this 
property does not extend to degenerating families; for example, the measures for the flexible 
Lattes family have dimension 2 while the limit measures always have dimension 0. Finally, 
we remark that the continuity of measures fails for parameter spaces of dimension > 1; see 
[4, §5]. 

The proof of Theorem 1.1 can be divided into three parts, each with its own collection of 
results that may be of independent interest. We sketch these results here. 

Step 1. Dynamics on a complex surface. First, we view the holomorphic family 
ft : P 1 — > P 1 as one (rational) dynamical system 

F : X — » X 

on the complex surface X = D x P 1 , given by (t, z) i— > (t, ft{z)) for t ^ 0. By hypothesis, F 
will have points of indeterminacy in the central fiber Xq = {0} x P 1 . If F collapses Xq to a 
point, we let 7r : Y — > X be the (minimal) blow-up of the target surface so that F : X Y 
is nonconstant at t = 0; otherwise, set Y = X and 7r = Id. By counting multiplicities at the 
indeterminacy points of F, we define a notion of pullback F* from measures on the central 
fiber of Y to measures on Xq. 

The measure of maximal entropy for a rational function / of degree d > 2 is characterized 
by the conditions that (a) it does not charge exceptional points, and (b) it satisfies the 
pullback relation hf*fif = /i/- We prove (Theorem 2.4) that any weak limit v of the measures 
fit on the central fiber of Y satisfies a corresponding pullback formula, 

(1.1) -F*v = w. 

The proof is similar to Mane's proof of continuity of the measures fif, and it relies on the 
Argument Principle to handle the measure at the points of indeterminacy for F. 

Step 2. Dynamics and T-measures on the Berkovich projective line. Let k be an 

algebraically closed field of characteristic zero that is complete with respect to a nontrivial 
non-Archimedean absolute value. The Berkovich analytification of the projective line F\ 
will be denoted P 1 ; it is a compact, Hausdorff, and uniquely arcwise connected topological 
space. A rational function / : P^ — > F\ extends functorially to P 1 . If d = deg(/) > 2, 
then the equilibrium measure fif may be characterized similarly to the complex case by the 
conditions that (a) it does not charge exceptional points of P 1 (fc), and (b) it satisfies the 
pullback relation = /// [9]. See [1] for a reference specific to dynamics on P 1 , or see 

[2] for the more general theory of non-Archimedean analytic spaces. 

The goal of §3 is to define a notion of pullback /* on a new space of quantized measures 
relative to a set T of vertices in P 1 . Every Borel probability measure v on P 1 gives rise 
to one of these 'T-measures" v?. And if v is a solution to the standard pullback formula 
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kf*u = v, then vp will satisfy a quantized version, 
(1.2) - d fv v = W . 

(One must push vp forward by a certain map 7r in order to have a meaningful equation since 
j*vp lies in the space of T'-measures for a potentially different vertex set T'.) In this setting, 
a solution to the pullback formula is typically far from unique. However, we will show 
(Theorem 3.9) that uniqueness is restored if we consider simultaneous solutions to pullback 
equations for all iterates of /, after ruling out measures supported on classical exceptional 
cycles. 

Step 3. A transfer principle. Now, let k = L be the field of formal Puiseux series in t, 
equipped with the non-archimedean absolute value that measures the order of vanishing at 
t = 0. By viewing the parameter t as an element of L, the family f t defines a single rational 
function / with coefficients in L. We define a vertex set T C P 1 consisting of one vertex 
only, the Gauss point. We provide (Proposition 4.1) the correspondence between measures 
on the central fiber of our surface X with T-measures on P 1 . From Step 1, any weak limit 
v of the measures fit will satisfy the pullback relation (1.1). The measure v determines, 
canonically, a T-measure vp. A comparison of the two notions of pullback of measures, F* 
on the surface and /* on T-measures, will imply that Vp must satisfy the non-Archimedean 
pullback relation (1.2) on P 1 . We repeat the argument for all iterates / t n . From Step 2, we 
deduce that Vp is the equilibrium T-measure, and consequently, the limit measure v is the 
"residual" equilibrium measure. 

Acknowledgements. We are grateful for the opportunities that allowed these ideas to 
germinate: the 2010 Bellairs Workshop in Number Theory funded by the CRM in Montreal, 
and the Spring 2012 semester on Complex and Arithmetic Dynamics at ICERM. We would 
like to thank Charles Favre, Jan Kiwi, and Juan Rivera-Letelier for helpful discussions, and 
we thank Mattias Jonsson for inviting us to speak about this work at the December 2012 
RTG workshop at the University of Michigan. 

2. Dynamics on a complex surface 

In this section we carry out Step 1 in the proof of Theorem 1.1. That is, we show that any 
weak limit of the measures fit on P 1 must satisfy an appropriately-defined pullback formula; 
see Theorem 2.4. 

2.1. Holomorphic families of rational maps. We will let Rat^ denote the set of all 

complex rational functions of degree d. It can be viewed as an open subset of the complex 
projective space P M+1 ; by identifying a function 

_ a z d + a x z d - 1 j V a d 

J[Z) ~ b oZ d + b 1 Z d - 1 + --- + b d 

with its coefficients in homogeneous coordinates 

(a : at : • • • : a d : b : b x : • • • : b d ) G P M+1 . 

In fact, any point P G P M+1 determines a pair (Pi, P?) of homogeneous polynomials in two 
variables, and Rat d = P M+1 \ {Res(Pi,P 2 ) = 0}. We set Rat d = P M+1 so that <9Rat d = 
{Res = 0}. For each P = (Pi,P 2 ) G <9Rat d , we let H P = gcd(Pi,P 2 ), and let <p P be the 
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induced rational function of degree k < d defined by the ratio P\jP%. To match the algebraic 
language of the next section, we refer to the map <pp as the reduction of P. 

A 1-parameter holomorphic family {f t : t G U} is a holomorphic map from a domain 
U C C to Ratd. A meromorphic family is a holomorphic map from U to Rat^ with image 
not contained in <9Ratd- A meromorphic family is degenerate at u £ U if the image of u 
lies in <9Rat d . 

2.2. Complex surface. Under the hypothesis of Theorem 1.1, the family f t defines a holo- 
morphic disk in Rat^ with / G dKatd- It is convenient to package the given 1-parameter 
family into one map on the complex surface X = D x P 1 , as 

F-.X—+ X, 

defined by F(t,x) = (t, f t (x)) for f ^ 0. The map F extends to a rational map on the 
surface X with a finite set of indeterminacy points in the central fiber Xo := {0} x P 1 . The 
indeterminacy points coincide with roots of the polynomial Hf defined in §2.1. On any 
compact subset of P 1 \ {Hf Q = 0}, the functions ft converge uniformly to the reduction <j>f 
as t -» 0. 

There is a unique (up to isomorphism) minimal modification 7r : Y — > X, so that the 
induced rational map 

F : X — > Y 

is nonconstant on X . In other words, either Y = X, or we can blow up the image surface X 
at a unique point of Xo so that F has no exceptional curve. The resulting surface Y may be 
singular. In coordinates, the existence and uniqueness of Y is immediate from the following 
lemma. 

Lemma 2.1. There is a meromorphic family of Mobius transformations A t C Rati for 
i G D, holomorphic away from t = 0, so that A t o f t converges in Rat^ to a point with 
nonconstant reduction. If B t is any other such family in Rati, then K t = A t B^ x converges 
in Rati as t —> 0. 

Proof. Existence is carried out, algorithmically, in [17, Prop. 2.4]; the strategy is as follows. 
Write 

ft(z,w) = (P t (z,w) : Q t (z,w)), 
normalized so that min{ord t P t , ord t Qt} = 0. Postcompose by S t (z) = t a z so that ordP t = 
ordQ t = 0; replace f t with S t f t . We then have f t (z,w) = (P + o(l) : Q + o(l)) with neither 
Pq nor Q identically 0. If Pq is not a scalar multiple of Qq, we are done. 

Suppose P = CqQq for some constant c G C*. If k = deg z P = deg 2 Q , write 

f t {z, w) = {a{t)z k w d - k + P;{z, w) : b{t)z k w d ~ k + Q' t {z, w)) 

where P[ and Q\ have no term involving z k w d ~ k . Now, postcompose ft with a translation 
by a(t)/b(t) = Co + o(l), replacing f t with 

f t (z,w) = (P t (z,w) - a(t)b(t)- l Q t (z,w) : Q t {z,w)). 

If Pq and Q had terms not involving z k w d ~ k , then we are done; the new f has nonconstant 
reduction. If P and Q were monomials, the resulting f will have constant reduction (= 0); 
we rescale and repeat the initial argument. It follows that the new Pq cannot be a scalar 
multiple of Qo because it has no term involving z k w d ~ k . This completes the proof of existence 
of {A t }. 
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t = 



X 



t = 



Y 



Figure 1. The surface map F : X — * Y when the given reduction <pf is constant. 



Now suppose A t ft —> Pa and B t f t —> Pb in Rat^, with nonconstant reductions 4>a and 4>b- 
Set K t = AtB^ 1 . Because K t is meromorphic, it converges to Kq G Rati as t — > 0. Away 
from finitely many points p G P 1 , we have 



fr A (p) = limA t / t (p) = lim^ (B t / t ) (p) = K <j> B (p). 
t—>o t— >o 



As 4>a is nonconstant, so is K , and therefore i^o £ Rati. 



□ 



2.3. Counting pre-images. For the remainder of this section, we fix a family A t of Mobius 
transformations guaranteed by Lemma 2.1, such that A t of t converges to the point P G Rat^ 
with gcd H and reduction <fi of degree > 0. If the reduction of fo is nonconstant, we let A t be 
the identity for all t. Otherwise, the choice of A t determines coordinates on the exceptional 
fiber of the blowup it : Y — > X defined in §2.2. Away from its points of indeterminacy, the 
map F : X Y coincides with along the central fiber X . (Note that if Y ^ X, it is 
possible that deg0 = d.) The central fiber Y of Y has at most two irreducible components. 
If Y 7^ X, we let C denote the exceptional curve of the projection n and let T be the other 
component of Y ; see Figure 1. If Y = X, we let C = Y ; in either case, C denotes the 
image of the central fiber Xq under <fi. 

For each point x G Xq ~ P 1 , we define multiplicities 

m(x) = deg x <p 

and 

s(x) = ord x H. 

The term m(x) is the local degree of 0, and the term s(x) will be called the surplus 
multiplicity at x. 

Fix a point x G Xq. Let rj be a small loop around <f>(x) in Co, and let r y x be a loop around 
x in Xq, sent with degree m(x) onto 77 by 0. We let Int,, denote the subset of Y Q consisting 
of the interior of rj: in most cases, the set Int^ is a small disk containing 4>(x), but if the 
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singular point of Yq is contained in the interior of 77, then the set Int^ is the union of an open 
disk and the component T Q . 

By definition, a horizontal disk in Y is a holomorphic section of the natural projection 
from Y to D. If U is a subset of X , then we let U t denote the slice of D x U in X over t G D. 

Proposition 2.2. Fix x G Xo- Lein 6e a small loop around <f>{x) , and let D be the small disk 
in Xo bounded by the loop 7^. Let Z : D — )■ K fre any horizontal disk such that Z(0) G Int^ 
and /et P : D — >• K fre any holomorphic disk so that P(0) G" Int^. Tnen /or a// 1 small, 

#(F- 1 (Z(t))nD t )=m(x) + s(x) 

and 

#(F- 1 (P(t))nD t ) = s(x). 

Proof. The proof is a straightforward application of the Argument Principle from complex 
analysis; as such, it is convenient to work with the family of functions A t f t defined on the 
disk D (rather than the two-dimensional map F). The horizontal disks Z and P determine 
moving points on a single P 1 identified with Co; we view these as the points and 00 in 
appropriate coordinates on P 1 . In this language, we have 

#(F-\Z(t)) n D t ) = # Zeroes(A t / t ) inside D t , 

and 

#(F- 1 (P(t)) n D t ) = # Poles(A t / t ) inside D t . 

The functions Atft converge uniformly to <fi on the loop 7^ around x, so the image of 
7a; will wind around Z(t) with multiplicity m{x) for each small t 7^ 0. By the Argument 
Principle applied to Atft, f° r a h small t 7^ 0, we have 

4{F~ l {z{t)) n A) - #{F-\P(t)) n A) = 

On the other hand, working in coordinates, we may compute directly that 

six) = # Poles(A t / t ) inside D t 

for all sufficiently small t. Indeed, note that the poles of Atft are the roots of the denominator. 
The coordinates are chosen so that the point 00 lies far away from <f)(x), so there are exactly 
s(x) such roots converging to x as t — > 0. (See also [4, Lem. 14].) □ 

2.4. Defining the pullback. Let \x be any Borel probability measure on the central fiber 
Yq of Y. We now define a measure F*/j, on the central fiber Xo of X of total mass d. If 
y = X, we simply set 

(2.1) F*fi :=</>* fi+ ^ 8 (x)6 x . 

Expressed in dual form, if ip is any continuous function on Xo, then 

/ ipF*^i— s(x)if)(x) + / ^2 iti(x)i/;(x) /i(y). 

xeXo {x:<j>(x)=y} 

In case F 7^ X, let /i s > denote the /x-mass of the singular point y s of Y . Then 

(2.2) F> := (f>*(f,\ Co - fi s 5 ys ) + ( s ( x ) + m{x)n(T )e{x)) 5 X 
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where e(x) = 1 if (f>(x) = y s and is otherwise. The quantity /i(To) is the mass of the 
component T (including that of the singular point y s ). In dual form, this pullback measure 
is expressed by 




Lemma 2.3. For any probability measure /t on Y , the measure F*/j, has total mass d. 

Proof. The proof is a simple degree count. When Y = X, the map has degree k < d 
and, by definition, the sum of the surplus multiplicities s(x) is equal to d — k. Now suppose 
F / I. Then 1 = //(Co) + /t(2o) — fi s . The total mass of 0*(/t|c o — l^s^y s ) is equal to 
k(l — //(T )). As before, the sum of the surplus multiplicities is d — k, so the terms not 
involving m(x)e(x) sum to d — kfi(T ). Finally, summing over all 0-preimages of y s , the sum 
of m(x) at these points is equal to k, so the total mass of F*fi is seen to be d. □ 

2.5. Weak limits satisfy the pullback relation. Fix a family of probability measures \i t 
on fibers Y t . We say /i on Y is a weak limit of the measures \i t if there is a sequence t n — >■ 
so that 

/ V^tn -> / V^O 
■/Yin 

for every continuous function ^ on F. In fact, by replacing ip with — ■?/>_, it suffices to 
test convergence against non-negative functions. If Y = X = D x P 1 , this notion of weak 
limit agrees with the usual notion for measures on a single P 1 . 
We are finally ready to prove the main result of this section. 

Theorem 2.4. Any weak limit /t of the maximal measures /t t on the central fiber Y$ ofY 
will satisfy the pullback formula 

a 

on the central fiber X of X. 

Proof. First, we have fj, tn ~^ /^o on Y, so we immediately have ji tn = 7r*// tn converging to 
ir*/io on X. And because d~ 1 f^fi t = for all t, we know that dr x fl n ii tn converges weakly to 
tt*Ho on X. We need to show that the weak limit of ftl^t n can also be expressed as F*/j, . 

Let be a no n- negative continuous function on X. Let C/ C X be a small neighborhood 
of 1(F), the indeterminacy locus of F . Then F is uniformly continuous on X \ [/. Choose 
a partition of unity 

b r + b s = l, 

subordinate to the open cover {X \ 1(F), U} so that 6 r = 1 on X \ [/ and b s = 1 on a small 
neighborhood of /(F) inside C/ ; as usual, 6 r and 6 S are non-negative continuous functions. 
Then we push forward the function b r ip by F, so that 

A(y) ■= h r(x)i>(x) 

F(x)=y 

is a non- negative continuous function on Y, where the preimages are counted with multi- 
plicity. Note that ip r agrees with <f>*(b r ij)) along Co and is identically on T . 
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From the definition of weak limit on Y, we have 



(2-3) / Kip (f* n fi tn ) = / i) r n tn — > / Vv^o = / V0(</>>o) 

JX t JY t Jy JXq 

As ip is arbitrary and we may shrink U, this already shows that n^fio agrees with 0*/io away 
from the indeterminacy points. Let us compute the limit measure near 1(F). 

Fix x G 1(F). Let i] be a small loop around in Co, and let 7^ be a small loop around 
x in Xo, contained in the region where b s = 1, that is mapped by with degree m(x) to 77. 
The curve 7^ bounds a small disk D x . Let 77* be a small loop in Y t , defined to be the slice 
of D x i] over t, and let jt be a connected component of its preimage in X t near x. Then j t 
bounds a small disk D xt for all small t, and 7 t maps with degree m(x) onto r] 4 by /f. Let 
lnt(t] t ) be the interior of the loop r) t in Y t ; these are all points with winding number m(x) 
relative to f t (lt)- 

For this choice of disks D Xyt , the counting argument of Proposition 2.2 may be strength- 
ened. It holds uniformly for points inside and outside the curve r)t, as 

#(F- 1 (y)nD^) =m(x) + s(x) 



for any choice of y G Int(^), and 

#(F-\y)nD x - t ) = s(x) 



for any choice of y G Y t \ Int(r/t). 

For x G 1(F), let V'min(^) denote the minimum of ^ on the component of U containing x. 
For all t n sufficiently small, 

2 1 6 ^(/i>tJ > 2 I- ^un(x) (ft n fi tn ) 



+ (m(x) + s(x))^ n (Int(^J) 
= 2 Y ^in(a;) s(x) +m(x)fi tn (lnt(r] tn )) . 

x£l{F) 

We now let n — > 00. If is the singular point y s on Yq, then we set E x = T ; otherwise 
we let E x = {(p(x)}. Weak convergence on Y implies that 



liminf /ztjintfoj) > ^(E x ). 

n— >oo 

Because d' 1 ^ fi tn converges weakly to 7r*/i on X, we deduce that 



/ b s ip 7r*// > 2 Y + m(x)no(E x )]ifj min (x). 
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Shrinking the neighborhood U of 1(F), we obtain 

(2.4) / > \ Y] [s(x)+m(x)fio(E x ))iff(x). 

Jl ( F ) d x6J(F) 

Because ^ and U were arbitrary, the combination of the limit (2.3) with the estimate (2.4) 
shows that 

a 

as positive measures. But both are probability measures (by Lemma 2.3), so we must have 
equality. □ 

3. Dynamics and T-measures on the Berkovich projective line 

In this section, we quantize a dynamical system / on the Berkovich projective line and 
describe the solutions to a system of pullback formulas, thereby completing Step 2 of our 
program outlined in the introduction. Throughout, we let k be an algebraically closed field 
of characteristic zero that is complete with respect to a nontrivial non- Archimedean absolute 
value. Only the case where k has residue characteristic zero is necessary for our application; 
however, with essentially no extra work, we obtain a more general result. The Berkovich 
projective line over k will be denoted P 1 for brevity. 

3.1. Vertex sets and measures. A vertex set for P 1 is a finite nonempty set of type II 
points, which we denote by V. The connected components of P 1 \ V will be referred to as 
T-domains. When a T-domain has only one boundary point, we call it a T-disk. Write 
<S(r) for the partition of P 1 consisting of the elements of V and all of its T-domains. 

Let (P 1 , T) be the measurable space structure on P 1 equipped with the a-algebra generated 
by <S(r). A measurable function on (P^T) will be called r-measurable. The space of 
complex measures on (P^T) will be denoted M(T), and we call any such measure a T- 
measure. We write M e (T) for the convex subspace of M(T) consisting of positive measures 
of volume I. 

Remark 3.1. A function <p : P 1 — > C is r-measurable if and only if it is constant on subsets 

of«s(r). 

Suppose that r C V are two vertex sets. If we write it : P 1 — > P 1 for the identity mor- 
phism, then it : (P^T') — > (P^T) is a measurable morphism. In particular, the projection 

7T* : M(r') -> M(F) 

is C-linear and preserves positivity and volume of measures. 

3.2. Pulling back measures by a rational function. Throughout this section we assume 
that / : P 1 — > P 1 is a rational function of degree d > 2. Suppose that T = {(} is a singleton 
vertex set, and let T' = {(, /(C)} be a second vertex set. For the applications in this article, 
we will only need to consider vertex sets of cardinality 1 or 2. 

Now we define a pullback map /* : M(T') — > M(T). As a first step, we define certain 
multiplicities muy £ {0,1,..., d} for each U G S(T') and V G S(T). If V — {(}, set 
muy = "v(C)j ^ ne usual local degree of / at (. For a T-disk V, we may write V = D{y) 
for some tangent vector v G TP^. Set f(V) = D(Tf(v)). Write rrif(V) and Sf(V) for the 
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directional and surplus multiplicities for / associated to V. (See [7, §3].) By definition, we 
have 

#(r'wn^(t )+I ' (v) \ v l%\ 

(s f (V) ify<£f(V). 

Here we count each pre-image x with multiplicity rrif(x). Since f(V) is a union of elements of 
iS(r'), the function {f~ l {y) H V) is constant on elements of <S(r"). For each U G <S(r'), 

define m^y to be this constant value. The following lemma gives a compatibility relation 
among the multiplicities muy- 

Lemma 3.2. For each U G S(T'), we have 

^2 m uy = deg(/). 

ves(r) 

Proof. Choose a point y G U . For each V G <S(r), we have that muy = # H V). 

Since / is everywhere deg(/)-to-l, the result follows. □ 

For a measurable function : (P 1 , T) — > C, we define a T'-measurable function by 

/.0(t/)= (c/G<s(r')). 

wes(r) 

Here we have abused notation by writing f*4>(U) for the constant value of on {7, and 
similarly for 4>(W). Note that the sum defining f*4>(U) is finite by Lemma 3.2. 

If (ft is a bounded T-measurable function, then \\f*4>\\ < d\\4>\\, where we have written || ■ || 
for the sup norm. For each v G M(T'), the linear functional (f) i— > J f*<fi v is bounded, 
and by duality there exists a T- measure f*v satisfying J <p f*v = J /*0 v for all bounded 
T-measurable functions (p. Evidently /* : M(T') — > M(T) preserves positivity of measures, 
and Lemma 3.2 shows that /* carries M e (V) into M ed (T) for each £ G C. In particular, 1/* 
maps probability measures to probability measures. 



3.3. The equilibrium and exceptional T-measures. For a given rational function / : 
P 1 — » P 1 of degree d > 2 and T = {(}, there are two distinguished T-measures that will 
play a key role in our theory. 

Write [if for the equilibrium measure on P 1 relative to / [9]. (Another common name in 
the literature is "canonical measure" [1, §10].) It is the unique Borel probability measure v 
that satisfies f*v = d ■ v and that does not charge classical points of P 1 [9, Thm. A]. Here 
/* is the usual pullback operator for Borel measures on P 1 — not the one defined in §3.2. 
For a vertex set T, we define the equilibrium T- measure ojf^ by the formula 

u f ,r(U) :=fif(U) 

for each U G S(T). Note that it is supported on a countable subset of «S(r). 

Lemma 3.3. Let f : P 1 — > P 1 be a rational function of degree d > 2, let V = {(} be a 

singleton vertex set, let V = {C/(C)}> an d let 7i~* and f* be the operators defined in the 
previous section. Then n^ujf^' = w/,r an d f*Uf,v — d ■ rr^ujf^'- 
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Proof. The statement about 7r* is immediate from the definitions. 

Let <p : P 1 — > C be a Immeasurable function. It is also Borel measurable on P 1 since each 
element of «S(r) is either an open set or a point. The definitions of the multiplicities mjjy 
show that 

f(x)=y 

which agrees with the formula for the pushforward of Borel measurable functions. Since 
f*/if = d • /if as Borel measures on P 1 , we find that 



/*w/,r' = J /*</> Uf,r = J M fif = J <P /V/ = d J (p fi f = d J (p ir*uj f! r>. 

Hence f*ujf,r = d ■ ir^ujf^' as elements of M(T). □ 

Suppose now that the rational function / : P 1 — > P 1 has an exceptional orbit £. The 
exceptional T-measure associated to the orbit £ is defined to be the probability measure 
5 £ G M(r) given by 

4{Snu) 



Se(U) = 



Remark 3.4. Recall that an exceptional orbit £ is finite and f~ l {£) = £. Since k has 
characteristic zero, the function / admits at most two classical exceptional points and at 
most one exceptional point in P 1 \ F 1 (k) (necessarily of type II). 

Lemma 3.5. Let f : P 1 — > P 1 be a rational function of degree d > 2, let F — {(} be a 

singleton vertex set, and let F' = {C>/(C)}- Suppose that £ is an exceptional orbit for f. 
Write 5s and 5' £ for the associated probability measures with respect to F and F' , respectively. 
Then 7t*5' £ = 5s and f*5' £ = d ■ ir*5 £ . 

Proof. Since exceptional measures count the number of exceptional points, we evidently have 
ir*5' £ = 5s- For the other equality, let U G S(F). Then 

f 5 £ (U) = 2^ m v,u — ^ — • 
vcf(u) 

The quantity mv,u is the constant value of # (f^ 1 (y) H U) for y G V, counted with multi- 
plicities. In particular, if c G £ H V, then mv t u — or d, depending on whether / _1 (c) n U 
is empty or not. Note also that fl U) — j^{£ fl f(U)), since £ is a totally invariant set. 
Hence, 

vcf(U) 

3.4. Surplus equidistribution and surplus estimates. We now give two technical re- 
sults that will be used to prove the main result in the next section. The first is of interest 
in its own right: it describes how surplus multiplicities of disks behave under iteration. The 
second gives a lower bound for the mass of a T-disk in terms of its surplus multiplicity. 
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Proposition 3.6 (Surplus Equidistribution) . Let f : P 1 — > P 1 be a rational function of 
degree d>2 with associated equilibrium measure fif. Suppose that the Julia set of f is not 
equal to {(}. Let U be an open Berkovich disk with boundary point (. Then exactly one of 
the following is true: 

(1) The iterated surplus multiplicities of U satisfy 

Sfn (U) = fi f (U) -d n + o{d n ). 

(2) The orbit Of(() converges along the locus of total ramification to a classical excep- 
tional orbit (of length 1 or 2), and 

s f n{U) = and fj, f (f n (U)) = 1 for alln>\. 

Proof. The two cases of the proposition are mutually exclusive. For if (2) holds, then Sf(U) = 
0, so that f(U) ^ P 1 . The relation fi = of Borel measures yields 

m = TiSa il(flv)) = Tip. >0 . 

But then (1) is contradicted. 

In the remainder of the proof, let us assume that case (1) of the proposition does not hold. 
The equilibrium measure fif does not charge ( by hypothesis on the Julia set of /. Let y be 
an arbitrary point of P 1 that is not a classical exceptional point. Using equidistribution of 
iterated preimages [9, Thm. A], we find that 

N (U) = ton *<H y)ntf) = Um ^^M^, 

n— >oo d n n— >oo d n 

where e(y,n,U) — 1 if y G f n {U) and otherwise. We conclude that mfn(U) ^ o(d n ); for 
otherwise, we are in case (1) of the proposition. 

Let Co — C an d set ( n = /(C n -i) for each n > 1. We can write v n G TP^ n for the tangent 
vector such that D(v ) = U and Tf n (vo) = v n . Then 

71-1 

m fn (U) = l[m f (D(v i )). 

i=0 

Each factor in the product is an integer in the range 1 , . . . , d. If infinitely many of the mul- 
tiplicities nif{D{vi)) are strictly smaller than d, then mfn(U) = o(d n ). Thus mf(D(v n )) = d 
for all n 3> 0. As multiplicities are upper semi-continuous, this shows rrif(( n ) = d for all 
n sufficiently large, so that the orbit Of(() eventually lies in the locus of total ramification 
for /. 

We now show that Of(Q converges to a classical exceptional orbit. Let uq be such that 
Cn G 7?.j ot for all n > uq. The locus of total ramification is connected [7, Thm. 8.2], and 
any pair of points in TZ^ lie at finite hyperbolic distance to each other unless one is a 
classical critical point. So it suffices to prove that the hyperbolic distance pii((n ,(n) grows 
without bound. For ease of notation, let us assume that n = 0. Since ( n , ( n+ i G TVf 1 , the 
entire segment connecting them must lie in the locus of total ramification as well. Hence / 
maps [CCn+i] injectively onto [( n+1 ,( n+2 \. Moreover, p H (Cn+i, Cn+2) = d ■ p H (Cn, Cn+i)- By 
induction, we see that 

PH(Cn+£, Cn+e+l) = d • Ph(Cm Cn+l), £ = 0, 1, 2, ... , 
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so that the locus of total ramification has infinite diameter. The locus of total ramification 
has at most two classical points in it; hence, some classical totally ramified point c is an 
accumulation point of Of((). By (weak) continuity of /, we find /(c) G TV 1 ^. So c is 
exceptional of period 1 or 2. The orbit 0/(C) must actually converge to the orbit of c since 
the latter is attractive. 

Since / has a classical exceptional point, it is conjugate either to a polynomial or to 
z i — y z~ d . We treat the former case and leave the latter to the reader. Without loss of 
generality, we now assume that / is a polynomial and that / n (C) converges to oo along the 
locus of total ramification. As k has characteristic zero, the ramification locus near oo is 
contained in a strong tubular neighborhood of finite radius around ((o,r, oo) for some R > 1 
[6, Thm. F]. Since hyperbolic distance is expanding on the ramification locus, we see that 
f n (C) converges to infinity along the segment (Co,i?,oo). In particular, since the Julia set of 
/ is bounded away from oo, and since / preserves the ordering of points in P 1 relative to oo, 
we see that £ must lie above the entire Julia set. That is, every segment from a Julia point 
to oo must pass through (. 

Note that if V is a T-disk, then either V does not meet infinity or it does not meet the 
Julia set (or both). In particular, the surplus multiplicities satisfy Sfn(U) = for all n > 1. 
Consequently, U must meet the Julia set; else, Hf{U) = and we are in case (1). Observe 
that ( G f n {U) for each n > 1, so that the entire Julia set of / is contained in f n (U). This 
shows /!/ (f n (U)) = 1, and we are in case (2) of the proposition as desired. □ 

Lemma 3.7 (Surplus Estimate). Let f : P 1 — > P 1 be a rational function of degree d > 2, 
and let T = {(} be a singleton vertex set. Set V = {(, /(C)}- (Note that T = V is allowed.) 
For any T-disk U and any V -measure solution v to the equation f*v = d ■ tt^u, we find that 



1/(17) > 



d 



Proof. For ease of notation, let us write m = rrif(U) and s = Sf(U). We may explicitly 
compute the multiplicities appearing in the pullback operator to be 



m + s if V C f{U) 
s MVtRU). 
Then for xu the characteristic function on the T-disk U, 



m v ,u 



d- n*i/(U) = f*u{U) = / f*Xu"+ f*Xu v 

Jf(U) ipK/(E/) 

= (m + s) ■ v (f(U)) + s ■ v (P 1 s /(£/)) 
= s + m-v (/(C/)) > s. 
Dividing by d gives the result. □ 

3.5. Simultaneous solutions to iterated pullback formulas. The equation f*v = d-ir^u 
does not necessarily have a unique solution v G M l (T) as one might expect by analogy with 
the standard setting. However, the solution does become essentially unique if we impose all 
pullback relations (f n )*u = d n ■ TT nJf u for n = 1, 2, 3, . . . 

Let T = {£} be a singleton vertex set for P 1 . Let T n = {(, f n (()} for each n > 1, and write 
(/")* and 7r„* for the pullback and pushforward operators relative to T and T n , respectively. 
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We define a set of T-measures Af C M x (r) by 

A f = P| 7r n , G M 1 ^) : (/ n )*u; = tf ■ vr n *u;} . 

n>l 

Each element of A j is the projection of a solution to a pullback formula for each iterate 
of /, although we do not require any compatibility among these solutions. Linearity of 
the pullback and pushforward operators shows that Af is a convex polyhedral set in the 
space M^r). Note that Af is nonempty: since uif t r = w/™,r, the set Af must contain the 
equilibrium T-measure Uf t x> (Lemma 3.3). 

Remark 3.8. The intersected sets that define Af are typically not nested. 

Theorem 3.9. Let f : P 1 — > P 1 be a rational function of degree d > 2, and let T = {(} be 

a singleton vertex set. Suppose that the Julia set of f is not equal to {(}. With the above 
notation, Af is the convex hull of the equilibrium T-measure Uf } r and at most one probability 
measure 8s supported on a classical exceptional orbit £. Moreover, if Af ^ {^/,r} ; then 
f n (() converges to an exceptional orbit along the locus of total ramification for f . 

Remark 3.10. For our application to complex dynamics, it is sufficient to restrict to countably 
supported measures in the definition of Af. But the theorem shows that this hypothesis is 
unnecessary: an arbitrary T-measure satisfying all pullback formulas is countably supported. 

Remark 3.11. With a little more work, one can show that this result continues to hold when 
k has positive characteristic provided that C/(C) does not converge to a wildly ramified 
exceptional orbit. 

Corollary 3.12. With the hypotheses of Theorem 3.9, no measure in Af charges (. 

Proof. The hypothesis on the Julia set guarantees that ( is not exceptional and that {if does 
not charge (. □ 

Proof of Theorem 3.9. Suppose that / n (C) does not converge along the locus of total rami- 
fication to a classical exceptional periodic orbit for /. Let U be any T-domain for T = {(}. 
If v G Af, Proposition 3.6 and the Surplus Estimate applied to f n and U show that 

m> Sf ^ 1 =^{u)+o{i). 

Since this is true for any T-disk U, and since fif is a probability measure with no support at 
C, we conclude that u(U) = /J>f(U) for every U G S(T). 

Now suppose that /"(C) converges along the locus of total ramification to the orbit of a 
classical exceptional point. Without loss, we may assume that the exceptional point is fixed 
by replacing / with f 2 . After conjugating the exceptional fixed point to oo, we may assume 
that / is a polynomial. As in the proof of Proposition 3.6, we find that /"(C) converges to 
oo along the segment (Co,r, oo) for some R > 1, and £ lies above the entire Julia set. 

Suppose that U is a T-domain that meets the Julia set. Then f(U) contains the entire 
Julia set, and the standard pullback formula /*/// = d ■ [if on P 1 shows that 

(3.1) d^f(U)=m f (U)- H (f(U)) = m f (U) =► N (V) = ^1. 

In particular, only finitely many T-disks may meet the Julia set. 
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Fix any v G A/. Write Uoo for the unique r-domain containing infinity; write U\, . . . , U r 
for the r-domains that meet the Julia set; write Uq for the union of the remaining elements of 
«S(r). Note that since we are in case (2) of Proposition 3.6, the surplus multiplicity satisfies 
Sfn(U) = for all n > 1 and U G S(T). Furthermore, we observe that fiU^) C and 
m / n (^oo) — d n , and that f n maps Uq onto f n {Uo) C in everywhere oP-to-l fashion. 

First we show that v(Uq) = 0. For each n > 1, there exists v n G M l (T n ) such that 
(/»)V n = d" • vr n ,z/ n = d n ■ v. Then 

(3.2) d n ■ Wn^oo) = (f)V„([/oo) = / (f n )*X Uoo Vn = d n - V n (/"(£/«,)) . 



Thus ^(C/oo) = (f n (U 00 )) for any n > 1. Write A for the annulus with boundary points £ 
and /"(C)- By definition of the pushforward, we see that 

HUoo) = 7r n ^ n (C/oo) = V n {f n {Uoo)) + Vn(f n (U )) + U n (A). 

Therefore, u n (A) = v n (f n (.U )) = 0. But the calculation (3.2) applies equally well to Uq to 
show that u(U ) = v n (f n (U )), and so we conclude that u(Uq) = 0. 
Next we observe that for i — 1, . . . , r, we have 



d n ■ WniUi) = (FTvniUi) = J (f n )*Xu t Vn = mf»(Ui) ■ v n (/"(C^)) • 
From (3.1), we see that 

Mf/() = ^M = ^M, „>i, j = i,..., r . 

Combining the last two displayed equations gives 

The quantity a := u n (f n (Ui)) is independent of n and % since Hf(Ui) > for z = 1, . . . , r and 
f n {Ui) = ■ ■ ■ = f n {U r ). Setting 6 = ^(C/oo)> we have proved that z/ = a • w^r + b ■ 5^. □ 

4. A TRANSFER PRINCIPLE 

The goal for this section is to transfer solutions of the pullback formula for dynamics 
on the central fiber of our complex surfaces to T-measure solutions of the pullback formula 
on P 1 , and vice versa. 

4.1. Reduction and the residual measures. Let X — > D be a proper fibered surface over 
a complex disk with generic fiber P^. Let L be the completion of an algebraic closure of C((t)) 
endowed with the natural non-Archimedean absolute value, and write L° for its valuation 
ring. We claim that X gives rise, canonically, to a vertex set T C P 1 . The local ring of D at 
the origin is contained inside L°, and hence so is its completion. By completing along the 
central fiber Xq and base extending to L°, we obtain a formal scheme X over L° with generic 
fiber P 1 = Pjjk Note that Xq is identified with 3L S as C-schemes in this construction. Let 

red x : P 1 -> X 

be the surjective reduction map [2, 2.4.4]. Let rji, . . . ,rj r be the generic points of the irre- 
ducible components of the special fiber Xq. There exist unique type II points (i, . . . , ( r G P 1 
such that redx(O) — rji for i — 1, ... ,r. The desired vertex set is V — . . . , ( r }. 
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(red x \x)) 



For each closed point x G X , the formal fiber red^ 1 (a;) is a r-domain, as defined in §3.1. 
The association x i— > red^ 1 (a;) induces a bijection between points of the scheme Xq and 
elements of <S(r). As such, we obtain a projection of measures, 

red^M^Xo^M 1 ^), 

where M 1 (Xq) is the space of Borel probability measures on Xo(C) (with its analytic topol- 
ogy) and M 1 (T) is the space of positive T- measures of total mass 1 on P 1 . Given /i G M l (X ), 
let B = {x G A (C) : fi({x}) > 0}. The set B is at most countable. Write r\i, . . . , rj r for the 
generic points of the irreducible components Ci, . . . , C r of X . Define u = red* x (/j,) by 

' H{x) ifxGX (C) 
\i{Ci \ B) if x = r]i for some i 

Evidently, w( pl ) = /i(X ) = 1. 

Now let M l {Ty C M 1 (r) be the subset of T-measures that assign no mass to the elements 
of T. The reduction map redx induces 

red x * : M l (T) ] M l (X ) 

as a partial inverse to red^. Explicitly, the residual measure = redx*(w) G M 1 (Xq) is 
defined by 

MM) :=w(red^(x)) (2 G X (C)) . 
For each u; G M 1 (r)"'", the residual measure /x is an atomic probability measure on Xq. The 
terminology is explained by the case where X is irreducible and T = {Co,i} i s the Gauss 
point of P 1 ; the mass of the residual measure at a closed point x G X (C) is precisely the 
volume of the residue class red^ 1 (a;) C P 1 . 

4.2. Compatibility of pullbacks. Let f t be a 1-parameter family of dynamical systems 
of degree d > 2 with i varying holomorphically in a small punctured disk D* and extending 
meromorphically over the puncture. As in §2, we let X = D x P X (C) and write tt : Y — > X for 
the minimal modification of X along Xq such that the induced rational map F : X — * Y is 
not constant along Xq. The surfaces X and Y induce vertex sets T = {(} and P* = {(, /(C)} 
on P 1 = P^, where L is the completion of an algebraic closure of C((t)) endowed with the 
natural non- Archimedean absolute value, and the family f t defines / : P 1 — > P 1 . 

Proposition 4.1 (Transfer Principle). Let F : X --- > K ; / : P 1 — > P 1 , T, and V be as 

above. The following conclusions hold. 

(1) If fi is a measure on the central fiber Yq such that F*fi = d ■ 7r*/i ; then u> = redy/i is 
a V -measure satisfying f*u = d ■ tc^uj. 

(2) If u is a countably supported V probability measure satisfying oo(T') = and f*cu = 
d ■ tc^uj, then the residual measure \x = redY*{o~>) satisfies F*fi = d ■ 

Proof. We begin by comparing the notions of multiplicity defined for F (on Xq) and for / (on 
P 1 ). Lemma 2.1 gives a meromorphic family of Mobius transformations A t G PGL 2 (C) for 
t G D, holomorphic away from t = 0, such that A t o f t has nonconstant reduction as t — > 0. 
On one hand, this implies that {A t o f t )\ t=0 describes the rational function Fy t o from the fiber 
X onto its image component Cq in Yq. Recall that we write <fi for this rational function. 
Evidently the local degree m(x) for each point of Xq may be read off algebraically as the 
order of vanishing of <f>(z) — <j>{x) at x. On the other hand, we may view A t as an element 
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A G PGL2 (C((t))). In particular, A o f has nonconstant reduction as a rational function on 
P 1 , and the reduction is equal to <fi. If U x is a T-disk with reduction x G X , Rivera-Letelier's 
Algebraic Reduction Formula [1, Cor. 9.25] shows that the directional multiplicity rrif(U x ) 
is equal to the order of vanishing of 4>(z) — at x, and so we conclude that 

m(x) = m f (U x ). 

From the description of the surplus multiplicity of the map F\x in §2.3 and the corresponding 
description of the surplus multiplicity in [7, Lem. 3.17], we also see that 

s{x) = s f (U x ). 

Finally, the Algebraic Reduction Formula shows that deg(0) = rrif((), where ( is the unique 
vertex in T. 

Since u> = red y (//) is supported on countably many r'-domains, to prove the first statement 
of the Transfer Principle it suffices to show that 

(TP1) F*fi = d- 7r*/i f*oo(U) = d ■ tt*u(U) for every U G S(T). 

Under the hypotheses of the second statement of the Transfer Principle, we find that /i is 
countably supported. Thus it suffices to show that 

(TP2) f*u = d ■ h*uj =^ F*fi({x}) = d ■ 7r*/i({x}) for every closed point x G X . 
We now prove these statements. 

Case Y = X. Let x G X be a closed point, and write U x = redx 1 (x) G S(T). Then 
f*uj{U x )= m v,uMV) 

V£S(F) 

= m mm)tUm u(f(U.))+ Yl s A u *)u{V) 

VdS{T) 

= m(x)fi((f)(x)) + s(x) 
= W), 

while d ■ u(U x ) = d ■ fi({x}) by definition. This immediately implies (TP2). 

To verify (TP1), it remains to consider the mass on T = V. Set B = {x G X : > 0}. 
If F*fi = d ■ fi, then F*fi has no atoms in X \ B. From the definition of F*^i in (2.1), we 
see that F*fi agrees with on X \ B. Thus, 

d ■ w(C) = d ■ n(X \B) = F*n(X \ B) 

= 0>(A O s B) = deg(0) ■ MX ^B) = m f (()u(0 = fMO- 

This proves (TP1) for all U in <S(r). 

Case Y X. Recall that Yq = To U Co, where To is the proper transform of Xq, y s G lo is 
the unique singular point in Yo, and <ft '■ Xq — > Co is a nonconstant rational function. 
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Let U x be the T-disk corresponding to a closed point x G X . Recall that we set e(V, U x ) 
1 or depending on whether f(U x ) = V or not. We see that 

fu{U x ) = Yl m v,uMV) 

VES(T>) 

= Yl (sf(U x )+m f (U x )e(V,U x ))u(V) 
ves(r>) 

/i((f)(x)) if 4>{x) ± y s 



s(x) + m(x) 



H(T ) if <f>(x) = y. 



= F*Ai ({*}), 

while tt*(ju(U x ) = ir^fi ({x}) is immediate. Evidently (TP2) follows, and (TP1) holds for all 
T-disks. 

To verify (TP1), it remains to check the pullback relation for the mass on vertices. Let 
B = {y G Y : /i(y) > 0}, and set B' = ir(B U {y s }) C X . Then 

d ■ 7r*/i (X \B') = d- fi (7r _1 (X \ B')) = d ■ fi(T \ B). 

If F*fj, = d ■ 7r*/i, there are no atoms of F*/j, outside B' . From the definition of F*fx in (2.2), 
the measure F*fi must agree with the pullback of /i\c by on the set Xo \ B'; therefore, 

F>(X n B') = 4>*(v\ Co )(X n B') = deg(0) • fi{C \ B). 
Putting these observations together yields 

f*co(() = m/(C)w(/(C)) = deg(0)/i(O) n S) = d ■ fi(T \ S) = d • vr^(C), 
so that (TP1) is verified for all U in <S(r). □ 

4.3. Proof of the main result. We retain all of the notation from previous sections. 

For each n > 1, let F n : X — * y n be the rational map of surfaces associated to the 
1-parameter family /" as constructed in §2, and write 7r„ : Y n — » X for the blowing up 
morphism. Define 

A = fj vr n , {/i G M 1 (y ") : F> = d n ■ 7r mf i} C M\X ). 

n>l 

Write uifp for the equilibrium T- measure for / : P 1 — > P 1 associated to T = {Co,i}- Recall 
that Af was defined in §3.5. 

Theorem 4.2. Let f t be a meromorphic 1-parameter family of rational functions of degree 
d > 2. Suppose that the family is not holomorphic at t = 0; i.e., deg(/o) < d. The reduction 
map induces a bijection 

red* x : A -> A/, 
with inverse given by the residual measure construction red^*- 

Proof. No measure in Af charges the vertex £ ,i G T, and every measure in Af is countably 
supported (Theorem 3.9). The Transfer Principle (applied to all iterates of f t and /) shows 
that the maps 

red^ : A — > Af and redx* : A/ — >• A 
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are well defined. That they are inverse to one another follows from the definitions of red^ 
and redx*- □ 



Corollary 4.3. With the setup of Theorem 1^.2, A always contains the residual measure 
redx*(wf ; r); an d is either a point or a segment in the space of all probability measures. 
In the latter case, there exists a point mass S po G A and a 1 -parameter family of exceptional 
periodic points p t for f t such that f is constant with value p , and p is not an indeterminacy 
point for the rational map F : X — * X . 

Proof. Theorem 4.2 allows us to transfer the statements about A to Af. The first statement 
is immediate from Theorem 3.9. If Af ^ {^f,r}, then f n (() converges along the locus of 
total ramification to a classical exceptional orbit 8. By replacing / and ft with their second 
iterates if necessary, we may assume that £ = {p} is a single point. Now p G P 1 (C((t))) by 
completeness. A priori, this gives a formal 1-parameter family p t with complex coefficients. 
Since ft(pt) — Pt and ^(pt) = 0, the implicit function theorem shows pt is a meromorphic 
1-parameter family in a small disk about t = 0. That is, p = pt is a 1-parameter family of 
exceptional fixed points for the family f t . Since / n (C) converges to p, and since p is a super 
attracting fixed point for /, it follows that /o is constant with value equal to Pq. If U is the 
open T-disk containing p, then f(U) C U. In particular, this shows Sf(U) = s(p ) = 0, so 
that Pq is not an indeterminacy point for the rational map F. □ 

We are now ready to prove the main result of the article. With the terminology we have 
set up in the preceding sections, our goal is to show that the family of measures of maximal 
entropy : t G D*} converges weakly to the residual measure redx*(w/,r) as t -> 0, where 
T = {Co,i} i s ^e Gauss point of P 1 . 

Proof of Theorem 1.1. Let /z 1 be any weak limit of the family fi t of maximal measures as 
t — > on the surface Y 1 . Fix a subsequence (te)e>i so that tg — > and fi te —> fi 1 weakly on 
Y 1 . Set p, = iiuf! 1 ; then fj, t( — >■ /x weakly on X. 

For each n > 2, let fi n be a weak limit of the sequence (i^t e ) on the surface Y n . Note 
that fiQ = TT m fi n by construction. Moreover, we have F*fi n = d n ■ 7r n *// n for all n > 1 
(Theorem 2.4). Hence /io G A . 

It remains to prove that /x = ^dx*(^f,r), the residual measure associated to w/ and the 
vertex set T. This follows immediately from the preceding corollary unless there exists a 
family of exceptional periodic points p t for f t , the reduction of / is equal to the constant 
p , and p is not indeterminate for the rational map F. In that case, /i = a ■ redx*(w/,r) + 
b ■ iedx*(Ss), for some a,b > 0, where po G suppfredx*^)). We must prove that 6 = 0. 

Since po is not indeterminate, by continuity there exists a neighborhood iV of po such 
that ft(N) C iV for all t sufficiently close to zero. Hence, N is contained in the Fatou set 
of ft, and fit assigns no mass to N. By weak continuity, fio(N) = 0. That is, b = and 
/i = redx*(w/ i r) as desired. □ 
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